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The Duffin – Kemmer form of massless vector field (Maxwell field) is extended to
the case of arbitrary pseudo-Riemannian space – time in accordance with the tetrad
recipe of Tetrode – Weyl – Fock – Ivanenko. In this approach, the Maxwell equations
are solved exactly on the background of simplest static cosmological model, space
of constant curvature of Riemann parameterized by spherical coordinates. Separa-
tion of variables is realized in the basis of Schro¨dinger – Pauli type, description of
angular dependence in electromagnetic filed functions is given in terms of Wigner
D-functions. A discrete frequency spectrum for electromagnetic modes depending on
the curvature radius of space and three discrete parameters is found. 4-potentials for
spherical electromagnetic waves of magnetic and electric type have been constructed
in explicit form.
1 Maxwell electrodynamics in the Duffin – Kemmer tetrad
form, separation of variables in Riemann space S3
The task of the present paper is to obtain in explicit form spherical waves solutions to Maxwell
equations in space of positive curvature, spherical Riemann S3 model, when it is parameterized
by spherical coordinates. This paper continues investigation of similar problems on searching
solutions of the Maxwell equations in symmetric space-time model [1, 2]. We will use the known
Duffin - -Kemmer approach to Maxwell theory extended to arbitrary curved space – times in
accordance with general tetrad formalism by Tetrode – Weyl – Fock – Ivanenko [3, 4, 5]; also
see [6]).
The Duffin – Kemmer equation for massless vector field is [6].
[ i βα(x) (∂α + Bα(x)) − P6 ] Φ(x) = 0 ,
βα(x) = βaeα(a)(x) , Bα(x) =
1
2
Jabeβ(a)∇α(e(b)β) ,
Jab = βaβb − βbβa , P6 =
∣∣∣∣∣∣∣∣
0 0 0 0
0 0 0 0
0 0 I 0
0 0 0 I
∣∣∣∣∣∣∣∣
, (1)
or with the use of notation for Ricci rotation coefficients [7]
{i βc ( eα(c)∂α +
1
2
Jabγabc ) − P6}Ψ = 0 ,
γbac = −γabc = −e(b)β;α eβ(a)eα(c) . (2)
In spherical coordinates [8] of the Riemann space S3
dS2 = c2dt2 − dχ2 − sin2 χ (dθ2 + sin2 θdφ2)
1
let us tale the following tetrad
eα(0) = (1, 0, 0, 0) , e
α
(3) = (0, 1, 0, 0) ,
eα(1) = (0, 0,
1
sinχ
, 0) , eα(2) = (1, 0, 0,
1
sinχ sin θ
) .
Christoffel symbols [7] are
Γχφφ = − sinχ cosχ sin2 θ , Γχθθ = − sinχ cosχ ,
Γθφφ = − sin θ cos θ , Γθθχ =
cosχ
sinχ
,
Γφφθ = ctg θ , Γ
φ
χφ =
cosχ
sinχ
.
Ricci rotation coefficients are γab0 = 0 , γab3 = 0 and
γab1 =
∣∣∣∣∣∣∣∣∣
0 0 0 0
0 0 0 − 1tg χ
0 0 0 0
0 + 1tg χ 0 0
∣∣∣∣∣∣∣∣∣
, γab2 =
∣∣∣∣∣∣∣∣∣
0 0 0 0
0 0 + 1tg θ sinχ 0
0 − 1tg θ sinχ 0 − 1tg χ
0 0 + 1tg χ 0
∣∣∣∣∣∣∣∣∣
.
Therefore, eq. (2) takes the form
[ i β0
∂
∂t
+ i β3
∂
∂χ
+
i
sinχ
(β1J31 + β2J32) +
1
sinχ
Σκθ,φ − P6 ] Φ(x) = 0 ,
Σκθ,φ = i β
1∂θ + β
2 i∂ + iJ
12 cos θ
sin θ
. (3)
Below we will use Duffin – Kemmer matrices in cyclic basis [9]:
β0 =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0 0 0 0 0 0 0 0 0 0
0 0 0 0 +i 0 0 0 0 0
0 0 0 0 0 +i 0 0 0 0
0 0 0 0 0 0 +i 0 0 0
0 −i 0 0 0 0 0 0 0 0
0 0 −i 0 0 0 0 0 0 0
i 0 0 −i 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
β3 =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0 0 0 0 0 i 0 0 0 0
0 0 0 0 0 0 0 +1 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 −1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
i 0 0 0 0 0 0 0 0 0
0 −1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 +1 0 0 i 0 0 0 0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
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β1 =
1√
2
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0 0 0 0 −i 0 +i 0 0 0
0 0 0 0 0 0 0 0 +1 0
0 0 0 0 0 0 0 +1 0 +1
0 0 0 0 0 0 0 0 +1 0
−i 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
+i 0 0 0 0 0 0 0 0 0
0 0 −1 0 0 0 0 0 0 0
0 −1 0 −1 0 0 0 0 0 0
0 0 −1 0 0 0 0 0 0 0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
β2 =
1√
2
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0 0 0 0 1 0 1 0 0 0
0 0 0 0 0 0 0 0 −i 0
0 0 0 0 0 0 0 +i 0 −i
0 0 0 0 0 0 0 0 +i 0
−1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
−1 0 0 0 0 0 0 0 0 0
0 0 +i 0 0 0 0 0 0 0
0 −i 0 +i 0 0 0 0 0 0
0 0 −i 0 0 0 0 0 0 0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
when the matrix iJ12 has a diagonal structure
iJ12 =
∣∣∣∣∣∣∣∣
0 0 0 0
0 t3 0 0
0 0 t3 0
0 0 0 t3
∣∣∣∣∣∣∣∣
, t3 =
∣∣∣∣∣∣
+1 0 0
0 0 0
0 0 −1
∣∣∣∣∣∣ .
The components of a total conserved angular moment read as
J1 = l1 +
cosφ
sin θ
iJ12 , J2 = l2 +
sinφ
sin θ
iJ12 , J3 = l3 . (4)
The field function of a vector particle with parameters (ǫ, j, m) should be constructed as follows
Φωjm(x) = e
−iωt [ f1(r) D0, f2(r) D−1, f3(r) D0, f4(r) D+1,
f5(r) D−1, f6(r) D0, f7(r) D+1, f8(r) D−1, f9(r) D0, f10(r) D+1 ] . (5)
We need the following recurrent relations [9]:
∂θ D−1 = (1/2) ( a D−2 −
√
j(j + 1) D0 ) ,
−m+ cos θ
sin θ
D−1 = (1/2) ( −a D−2 −
√
j(j + 1) D0 ) ,
∂θ D0 = (1/2)
√
j(j + 1) ( D−1 −D+1 ) ,
−m
sin θ
D0 = (1/2)
√
j(j + 1) (−D−1 −D+1 ) ,
∂θ D+1 = (1/2) (
√
j(j + 1) D0 − a D+2 ) ,
−m− cos θ
sin θ
D+1 = (1/2) ( −
√
j(j + 1) D0 − a D+2 ) ,
a =
√
(j − 1)(j + 2) , (6)
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with the use of these we readily find
Σκθ,φ Φ = exp(−iωt)
√
j(j + 1)
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(−f5 − f7) D0
− i f9 D−1
( −if8 + if10) D0
−if9 D+1
f1 D−1
0
f1 D+1
−if3 D−1
(+if2 − if4) D0
+if3 D+1
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
. (7)
Allowing for (7) and identities
i β0 ∂t Φ = ω exp(−iωt)
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
if5 D−1
if6 D0
if7 D+1
−if2 D−1
−if3 D0
−if4 D+1
0
0
0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
i ( β3
∂
∂χ
+
β1 β31 + β2 β32
sinχ
) Φωjm = exp(−iωt)
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(−d/dχ− 2/ sinχ)f6 D0
(id/dχ+ i/ sinχ)f8 D−1
0
(−id/dχ− i/ sinχ)f10 D+1
0
0
0
(−id/dχ − i/ sinχ)f2 D−1
0
(id/dχ + i/χ)f4 D+1
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
we arrive at 10 radial equations (ν =
√
j(j + 1)/2 ):
− ( d
dχ
+
2
tg χ
) f6 − ν
χ
(f5 + f7) = 0 ,
iωf5 + i(
d
dχ
+
1
tg χ
) f8 + i
ν
sinχ
f9 = 0 ,
iǫf6 + i
ν
sinχ
(−f8 + f10) = 0 ,
iωf7 − i( d
dχ
+
1
tg χ
) f10 − i ν
sinχ
f9 = 0 ,
−iωf2 + ν
sinχ
f1 − f5 = 0 ,
−iωf3 − d
dχ
f1 − f6 = 0 ,
4
− iωf4 + ν
sinχ
f1 − f7 = 0 ,
−i( d
dχ
+
1
tg χ
) f2 − i ν
sinχ
f3 − f8 = 0 ,
i
ν
r
(f2 − f4)− f9 = 0 ,
i(
d
dχ
+
1
tg χ
) f4 + i
ν
sinχ
f3 − f10 = 0 . (8)
Let us diagonalize additionally the P -inversion operator (its form is given in cyclic basis)
Pˆ cycl.sph. =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 −1
0 0 0 0 0 0 0 0 −1 0
0 0 0 0 0 0 0 −1 0 0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
⊗ Pˆ ,
the eigenvalues equation Pˆ cycl.sph. Φjm = P Φjm leads us to
P = (−1)j+1 ,
f1 = f3 = f6 = 0 , f4 = −f2 , f7 = −f5 , f10 = +f8 ; (9)
P = (−1)j ,
f9 = 0 , f4 = +f2 , f7 = +f5 , f10 = −f8 . (10)
Correspondingly, we have two different systems:
P = (−1)j+1 ,
iω f5 + i(
d
dχ
+
1
tgχ
) f8 + i
ν
sinχ
f9 = 0 , −iω f2 − f5 = 0 ,
−i( d
dχ
+
1
tg χ
) f2 − f8 = 0 , 2i ν
sinχ
f2 − f9 = 0 ; (11)
P = (−1)j ,
(
d
dχ
+
2
tg χ
) f6 +
2ν
sinχ
f5 = 0 , iω f5 + i(
d
dχ
+
1
tg χ
) f8 = 0 ,
iω f6 − 2iν
sinχ
f8 = 0 , −iω f2 + ν
sinχ
f1 − f5 = 0 ,
iω f3 +
d
dχ
f1 + f6 = 0 , i(
d
dχ
+
1
tg χ
) f2 + i
ν
sinχ
f3 + f8 = 0 . (12)
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2 Solution of radial equations for waves with parity P = (−1)j+1
Let us consider eqs. (11). Expressing f5, f8, f9 through f2 and substituting them into the
first equation we get to
(
d
dχ
+
1
tg χ
)(
d
dχ
+
1
tg χ
)f2 + ( ω
2 − j(j + 1)
sin2 χ
) f2 = 0 (13)
it is simplified by f2 = sin
−1 χ f(χ) :
d2
dχ2
f + ( ω2 − j(j + 1)
sin2 χ
) f = 0 (14)
In new variable
z = 1− e−2iχ , z = 2 sinχ ei(−χ+pi/2) ;
which can be clarified by the scheme
Fig. 1 Complex variable z
✲
✻
★
✧
✥
✦
✉ s
s χ = π/4
χ = 2π/4
s
χ = 3π/4
d
dχ
= 2i(1 − z) d
dz
,
cosχ
sinχ
= i
2− z
z
,
1
sin2 χ
= −4(1− z)
z2
,
eq. (14) transforms to
4(1− z)2 d
2f
dz2
− 4(1− z)df
dz
− ω2f − 4(1− z)ν
2
z2
f = 0 . (15)
With the substitution
f = za(1− z)bF (z) ,
f ′ = aza−1(1− z)bF (z) − bza(1− z)b−1F (z) + za(1− z)b dF (z)
dz
,
f ′′ = a(a− 1)za−2(1− z)bF (z) − abza−1(1− z)b−1F (z) + aza−1(1− z)b dF (z)
dz
−
−abza−1(1− z)b−1F (z) + b(b− 1)za(1− z)b−2F (z)− bza(1− z)b−1 dF (z)
dz
+
+aza−1(1− z)b dF (z)
dz
− bza(1− z)b−1 dF (z)
dz
+ za(1 − z)b d
2F (z)
dz2
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eq. (15) gives
z(1− z)d
2F
dz2
+ [2a− (2a+ 2b+ 1)z] dF
dz
+[
ω2
4
− (a+ b)2 + (a(a− 1)− ν2)1
z
+ (b2 − ω
2
4
)
1
1− z
]
F = 0 .
Requiring
a(a− 1)− ν2 = 0 , b2 − ω
2
4
= 0
or
a = j + 1,−j , b = ±ω
2
(16)
we get
z(1− z)d
2F
dz2
+ [2a− (2a+ 2b+ 1)z] dF
dz
−
[
(a+ b)2 − ω
2
4
]
F = 0 . (17)
It is of hypergeometric type equation
z(1− z) F ′′ + [γ − (α+ β + 1)z] F ′ − αβ F = 0
with parameters
γ = 2a , α+ β = 2a+ 2b , αβ = (a+ b)2 − ω
2
4
,
or
α = a+ b− ω
2
, β = a+ b+
ω
2
. (18)
The function f(z) is
f = za(1− z)bF (z) = [ 2i sinχe−iχ ]a [ 1− 2i sinχe−iχ ]b F (z) ; (19)
it is finite at the points χ = 0 and χ = π only if (see (3.3)) a = j + 1 ; and if b = −ω/2 – then
one can reduce the hypergeometric series to a polynomial (supposing ω > 0):
α = j + 1− ω = −n = {0,−1,−2, ... } =⇒ ω = n+ 1 + j .
Thus, solution with parity P = (−1)j+1 is given by (this is a spherical wave of magnetic type)
P = (−1)j+1
f2 =
1
sinχ
f(χ) , f = za(1− z)bF (z) = [ 2i sinχe−iχ ]a [ 1− 2i sinχe−iχ ]b F (z) ,
F (z) = F (−n, , j + 1, 2j + 2; z) = F (−n, , j + 1, 2j + 2; 2i sinχe−iχ) (20)
for frequency ω only special values are permitted:
ω = n+ 1 + j , j = 0, 1, 2, ...., n = 0, 1, 2, ...; (21)
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or in usual units
ω =
c
ρ
(n+ 1 + j) , (22)
ρ stands for the curvature radius. Let us write down (tetrad) 4-potential of these waves (they
are spherical waves of magnetic type)
∣∣∣∣∣∣∣∣
A(0)
A(1)
A(2)
A(3)
∣∣∣∣∣∣∣∣
=
∣∣∣∣∣∣∣∣
0
+f2D−1
0
−f2D+1
∣∣∣∣∣∣∣∣
. (23)
3 The Lorentz gauge in spherical space
Let us detail the Lorentz condition
∇βΦβ(x) = 0 . (24)
In tetrad components it reads
Φ(a)e
(a)α
;α + e
(a)α∂aΦ(a) = 0 , (25)
where Φ(a) are components of 4-vector in Cartesian basis:
∣∣∣∣∣∣∣∣
Φ(0)
Φ(1)
Φ(2)
Φ(3)
∣∣∣∣∣∣∣∣
=
∣∣∣∣∣∣∣∣
1 0 0 0
0 −1/√2 0 1/√2
0 −i/√2 0 −i/√2
0 0 1 0
∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣
f1D0
f2D−1
f3D0
f4D+1
∣∣∣∣∣∣∣∣
. (26)
With the use of the known formula
e(a)α;α =
1√−g
∂
∂xα
√−g e(a)α ,
we get
e(0)α;α = 0 , e
(3)α
;α = −
2
tg χ
, e(1)α;α = −
1
sinχ
cos θ
sin θ
, e(2)α;α = 0 (27)
and therefore eq. (25) gives
Φ1 (− 1
sinχ
cos θ
sin θ
) + Φ3 (− 2
tg χ
) + ∂tΦ0 − ∂χΦ3 − 1
sinχ
∂θΦ1 − 1
sinχ sin θ
∂φΦ2 = 0 ,
or
1√
2
(−f2D−1 + f4D+1) (− 1
sinχ
cos θ
sin θ
) + f3D0 (− 2
tg χ
)− iωf1D0 − ∂χf3D0 −
− 1
sinχ
∂θ
1√
2
(−f2D−1 + f4D+1)− 1
sinχ sin θ
∂φ
1√
2
(−if2D−1 − if4D+1) = 0 ,
and further
− iωf1D0 − ∂χf3D0 − 2
tg χ
f3D0+
8
+
1√
2 sinχ
[
f2 (
−m+ cos θ
sin θ
D−1 + ∂θD−1)− f4 (m+ cos θ
sin θ
D+1 + ∂θD+1)
]
= 0 . (28)
Now we are to use the known recurrent formulas [9]
−m+ cos θ
sin θ
D−1 + ∂θD−1 = −
√
j(j + 1) D0 ,
+m+ cos θ
sin θ
D+1 + ∂θD+1 = +
√
j(j + 1) D0 , (29)
then eq. (28) leads us to
− iωf1 − ( ∂
∂χ
+
2
tg χ
)f3 −
√
j(j + 1)√
2 sinχ
(f2 + f4) = 0 . (30)
it is the Lorentz gauge in radial form. There exist restrictions (2.5a,b) due to P -parity. For
waves with P = (−1)j+1 the Lorentz gauge (30) holds identically When P = (−1)j the Lorentz
gauge (30) looks simpler
P = (−1)j , iωf1 + ( ∂
∂χ
+
2
tg χ
)f3 + 2
ν
sinχ
f2 = 0 . (31)
The Lorentz condition being imposed substantially confines the gauge freedom, however it
still remains. The known way to exclude the freedom is to impose Landau gauge:
Φ0 = 0 , ∇jΦj = 0 ; (32)
and instead (31) we have
P = (−1)j , f1 = 0 , ( ∂
∂χ
+
2
tg χ
)f3 + 2
ν
sinχ
f2 = 0 . (33)
4 Waves of electric type
Now, let us turn to radial equations (12) for eaves with P = (−1)j in Landau gauge:
(
d
dχ
+
2
tg χ
) f6 +
2ν
sinχ
f5 = 0 , iω f5 + i(
d
dχ
+
1
tg χ
) f8 = 0 ,
iω f6 − 2iν
sinχ
f8 = 0 , −iω f2 − f5 = 0 , iω f3 + f6 = 0 ,
i(
d
dχ
+
1
tg χ
) f2 + i
ν
sinχ
f3 + f8 = 0 . (34)
After substitutions
f2 =
F2
sinχ
, f3 = F3 , f5 =
F5
sinχ
, f6 =
F6
sin2 χ
, f8 =
F8
sinχ
, (35)
eqs. (34) become simpler
d
dχ
F6 + 2ν F5 = 0 , ω F5 +
d
dχ
F8 = 0 , ω F6 − 2ν F8 = 0 ,
−iω F2 − F5 = 0 , iω F3 + F6
sin2 χ
= 0 , i
d
dχ
F2 + iν F3 + F8 = 0 . (36)
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System (36) gives
F5 = − 1
ω
d
dχ
F8 , F6 =
2ν
ω
F8 ,
F2 = − i
ω2
d
dχ
F8 , F3 =
2iν
ω2
1
sin2 χ
F8 ,
(
d2
dχ2
+ ω2 − j(j + 1)
sin2 χ
) F8 = 0 . (37)
the second order differential equation for F8 was has been solved in 3 . Thus, the waves of
electric type have been constructed (compare it with (23)):
∣∣∣∣∣∣∣∣
A(0)
A(1)
A(2)
A(3)
∣∣∣∣∣∣∣∣
=
∣∣∣∣∣∣∣∣
0
+f2D−1
f3D0
f2D+1
∣∣∣∣∣∣∣∣
. (38)
Authors are thankful to all participant of scientific seminar of Laboratory of Theoretical
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